We study the structure of the load-based spanning tree (LST) that carries the maximum weight of the Erdös-Rényi (ER) random network. The weight of an edge is given by the edge-betweenness centrality, the effective number of shortest paths through the edge. We find that the LSTs present very inhomogeneous structures in contrast to the homogeneous structures of the original networks. Moreover, it turns out that the structure of the LST changes dramatically as the edge density of an ER network increases, from scale-free with a cutoff, scale-free, to a star-like topology. These would not be possible if the weights are randomly distributed, which implies that topology of the shortest path is correlated in spite of the homogeneous topology of the random network.
While the degree distribution gives valuable knowledge of local structures of networks around us, it is also necessary to know global structures of networks to understand dynamics on the networks properly. The information transport between two vertices occurs along an optimal path connecting them, defined as the path minimizing the total cost [9, 10, 11] , which is usually determined by using the global knowledge of the network. For instance, full information of connections in the network is required to determine a shortest path defined as a path consisting of a minimum number of edges, which would be an optimal path if the costs of all edges are identical. The scale-free network has been revealed to have very inhomogeneous shortest path topology so that one can find extremely important vertices or edges that huge number of shortest paths are passing through, which has been supported by the power-law distribution of the betweenness centrality (BC) [12] and the existence of the transport skeleton structure [13] that makes it possible to understand the origin of the difference between the BC exponent classes of real-world networks [12, 13] and the universal properties of the fractal scaling [14, 15] . However, in the non-scale-free networks, even though it has been known that there are no such vertices or edges used heavily in the shortest paths, the topology of the shortest paths has not been intensively studied so far.
Our main interest is to find out how the topology of shortest paths is correlated with the network topology in the Erdös-Rényi (ER) random network model [16] , where two arbitrary vertices in the network are randomly connected to each other by an edge with a given probability p, which gives the Poisson degree distribution. In order to systematically study the shortest path topology, it is necessary to treat the network as a weighted network in which the contribution of the shortest paths on each edge is assigned as the weight of the edge. We use the edgebetweenness centrality (edge-BC) [17, 18, 19] to represent the contribution of the shortest paths on each edge of the network, which is a convenient quantity counting the effective number of shortest paths through the edge and thereby gives the average traffic though the edges. The edge-BC of an edge e ij between vertices i and j is the total contribution of the edge on the shortest paths between all possible pairs of vertices, which is defined as follows:
where c(m, n; i, j) denotes the number of shortest paths from a vertex m to n through the edge e ij , and c(m, n) is the total number of shortest paths from m to n. In this weighted networks, one useful way to study the spatial correlation of the weight is to investigate the loadbased spanning tree (LST) [13] , which consists of a set of selected edges to maximize its total weights, which corresponds to the skeleton of the network [13] . From the degree distribution of the LST, we can check whether the spatial distribution of the weights is correlated with the original network topology. If the weights are randomly distributed on the edges of the network, the degree distribution of the original network would be preserved in its LST [20] . On the other hand, if there exists significant topological correlation in the distribution of the weights on the edges, the degree distribution is expected to show a large deviation from the Poisson distribution, the degree distribution of the ER network. In this paper, we investigate the structure properties of the LST of the ER model in this respect. We find that the LSTs show very inhomogeneous structures in contrast to the homogeneous structures of the original networks. It is found that the degree distribution of the LST shows rich characteristics depending on the connection probability and the size of the ER network, which turns out to be very different from the Poisson distribution.
Figure 1(a) shows an illustration of the inhomogeneous LST structure obtained from the ER network with N = 100 vertices and p = 0.1, in which the hub vertices having a significant number of degree are found. The detailed characteristics of degrees can be found in Fig. 1(b) which displays the degree distributions of the LSTs obtained from the ER networks generated with various connection probabilities. It is the most interesting feature that the right-skewed degree distributions are observed in the LSTs for the wide range of connection probability p of the ER network whose degree distributions follow the narrow Poisson distribution. For the examined LSTs, it is found that a power-law with a cutoff fits well to the degree distribution of the LST, where the exponent and the cutoff degree depend on p. The emergence of these inhomogeneous degree distributions in the LSTs indicates that there exist non-negligible correlations between the weights of neighboring edges sharing a common vertex at their ends, since a vertex shared by the edges having higher weights becomes a hub in the LST. If we remove the correlation by the random redistribution [21] of the weights on the edges, the degree distributions of the LSTs become the Poisson distribution as expected [see Fig. 1(c) ]. These imply that the shortest paths, which give the weights of its constituting edges, are not randomly distributed on the ER network but strongly correlated enough to generate an inhomogeneity in spite of the homogeneous topology of the ER network.
The topological correlation of the shortest path that gives rise to the inhomogeneous LST structure can be specified by the correlation between the degree of the vertex and the weights of the edges connected to the vertex. In order to find out more about the spatial correlation in the distribution of the weights, we measure the average weight rank R k , an averaged value of weight-rank r over the edges attached to a vertex having degree k. The rank r ij of the edge between i and j is graded for its weight w ij , i.e., the largest weight gives r = 1, the second largest weight gives r = 2, and so on. Mathematically R k is defined as follows:
where V k and |V k | are the set of vertices having degree k and the number of those vertices, respectively, a ij is the adjacency matrix element; a ij = 1 if i and j is connected and a ij = 0 otherwise, and . . . denotes an average over network ensembles. Consequently, the small (large) value of R indicates that a vertex has the edge with high (low) ranks. The reason why we attach great importance to R k is that it gives an insight into how the structure of the network changes in the LST because the edges of the network are picked in the rank order for the LST. While the average value of the weights can give similar information, since the ER network has a rather homogeneous distribution of weight values, the average weight rank shows more clear changes depending on the spatial distribution of the weights as compared with the average value of the weights. In counting ranks, we do not admit a tie in ranks for the edges with the same weights but assign ranks according to random priority if the values of weights are the same. However, we note that averaging over the network ensembles removes the dependence on the counting method of the tie in ranks. In order to figure out how the weights are distributed on the network, we compare the average weight rank R k with that for the uncorrelated one in which the weights are randomly redistributed on the edges to remove the correlation between the edge and the weight on it. For instance, if R k is smaller than the value for uncorrelated weights, the vertex with degree k can be regarded to have an edge with a higher weight as compared with the uncorrelated situation. This comparison gives an insight into the topological correlation of the weights on the network. From Fig. 2(a) , we find that the extreme vertices, which belong to the tail of either the smaller or larger degree part in the Poisson degree distribution, have significantly higher average weight ranks (small value of R k ) than the average rank for the uncorrelated spatial distribution of the weights, given by ∼ L/2, where L is the total number of edges of the original network. This indicates that these extreme vertices are more likely to preserve their degree in the LSTs. More directly, we also measure the degree correlation between the LST and its original network. In Fig. 2(b) , for the extreme vertices, it is confirmed that the degrees of the LST show strong correlations with the degrees of the original network. Consequently, the extreme vertices become hubs that constitute the heavy tail of the inhomogeneous degree distribution of the LST.
The structural homogeneity of the ER network varies with the edge density represented by using the connection probability p. As well as the structural properties, the characteristics of the shortest path topology also depend on the edge density of the ER network. Specifically, the change of the connection probability p in the ER network gives rise to the change of the degree distribution of its LST. At small values of p's, as seen in Fig. 1(b) , the degree distribution of the LST can be characterized by the power-law exponent γ and the average maximum degree k max . Thus, we can monitor the structural change of the LST by looking at the dependence of γ and k max on the connection probability p and the network size N .
As p increases, γ monotonically increases, but interestingly, k max shows non-trivial behavior of decreasing even though k max has a chance to increase further as p increases because a higher p generates a larger average degree in the original ER network. To find a universal description of this non-trivial behavior of the degree distributions of the LSTs, we perform a size-scaling on data obtained from the ER networks of various sizes and connection probabilities and find out a common scaling feature; k max monotonically increases to the maximum value of ∼ N 1/2 until p reaches at ∼ N −1/2 , then it decreases as p increases further while γ monotonically increases [see Fig. 3 ].
This p dependence of γ and k max strongly implies that there exists a critical p value at which a clear scale-free degree distribution emerges by satisfying the balance between γ and k max . More precisely, because the natural cutoff k cutof f scales with ∼ N 1/(γ−1) in the finite sized network of N vertices with power-law degree distribution P (k) ∼ k −γ [22, 23] , we can test the scale-freeness of the degree distribution of the LST depending on p by comparing k max with the natural cutoff. From the plot of k max /N 1/(γ−1) as a function of pN 1/2 shown in Fig. 3(c) , we find that k max of the LST becomes comparable with the natural cutoff N 1/(γ−1) when p reaches at N −1/2 so that the cutoff diminishes in the degree distribution, which leads to the emergence of the scale-free spanning tree.
The exponent γ of the power-law degree distribution increases as p increases in the small p region as shown in Fig. 3 , but the Poisson degree distribution of the original ER network is not recovered even if p gets much larger. Interestingly, the average maximum degree k max increases when p becomes far larger than ∼ N −1/2 [24] . exist lots of edges that have same value of the edge-BC (weights), which gives large degeneracy in constructing LSTs. However, we find that a star-like structure finally emerges in the LST [see Fig. 4 ] as the ER network gets very denser to be a nearly fully-connected network.
In the limiting cases, this can be understood easily. Let us consider a nearly fully connected network in which only a single pair of vertices are not connected while all the other vertex pairs are directly connected by edges [25] . In this case, the shortest path connecting these two vertices must pass through one of their common neighbor vertices, and consequently this shortest path gives additional contributions to the edge-BCs of the edges connected to these two vertices having smaller degrees [see Fig. 4(a) ]. Therefore, in the edge selection for constructing LSTs, the edges connected to the smaller degree vertices are chosen with higher priorities, which leads the emergence of the star-like LSTs.
Finally, we note that the emergence of the scale-free spanning tree in the ER network also has been reported in the two recent works. Clauset et al. [8] reported that the spanning tree constructed by using traceroutes from a single source has power-law degree distribution with cutoff. Kalisky et al. [26] presented that the minimum spanning tree of the percolation cluster in the ER network shows the power-law degree distribution. Together with these works, our findings indicate that the consideration of the transport pathways or the weights of the edges can drastically changes the original homogeneous topology of the ER network.
In conclusion, we have investigated the structural properties of the LST of the weighted ER network in which the weight of an edge is given by the edge-BC. We have found that the degree distribution of the LST shows very inhomogeneous distribution, which can be described as power-law with a cutoff, scale-free, or star-like depending on the edge density of the ER network. The emergence of these inhomogeneous degree distributions in the LST implies that the shortest paths are not homogeneously distributed on the ER network but spatially correlated in spite of the homogeneous topology of the ER network.
